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INTRODUCTION 
Recently, theoretical treatment is summarized as a generalized theory of AE [1]. It is 
clarified that crack kinetics and kinematics are recovered from a quantitative waveform 
analysis of AE. The crack kinematics are represented by crack type and crack orientation, 
which are modeled by the moment tensor representation. To perform the moment tensor 
inversion of AE, a computer code named SiGMA (simplified Green's function for moment 
tensor analysis) is developed to process hundreds of AE records promptly [2]. Theoretical 
basis of the procedure is briefly discussed and practical application to civil structures in 
Japan is given. 
MOMENT TENSOR ANALYSIS AND SiGMA PROCEDURE 
Mathematically crack motion is modeled on a crack surface. The crack surface F is 
nucleated due to dynamic fracturing. An internal plane with normal vector nl virtually 
consists of two planes in coincident motion. Due to microfracturing, displacement discon-
tinuity b/y,t) between the two planes is defined. Dynamic nature of displacement bk(t) 
generates elastic waves which are detected by an AE sensor as AE waves. In the case that 
crack displacement vector bk is parallel to normal vector nl' a tensile crack occurs. A shear 
crack is created when vector bk is vertical to vector nr 
Thus, crack kinematics are defined by two direction vectors. A physical quantity de-
fined by two orientations is mathematically called a tensor. Apart from the dynamic effect, 
crack kinematics are replaced by an equivalent tensor. Conveniently, the following tensor 
is defined from the two vectors, 
(1) 
Here C gJd are elastic constants. Thus, AE waveform u.(x,t) due to crack vector on crack 
surfaclr is represented by using moment tensor mpq' as follows: 
ulx, t)= !FGjP,q(X, y, t)mpq *S(t)dS, (2) 
where G. is the spatial derivative of Green's function and S(t) represents the source-time 
functionl~~rack kinetics) and * means the convolution integral. 
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To process AE waveform data promptly, a moment tensor inversion procedure is de-
veloped by the use of only P wave amplitudes [3]. A computer code is named SiGMA 
(gmplified Qreen's function for moment tensor ~nalysis). Selecting the P wave portion 
from the full-space Green's function of homogeneous and isotropic material, Equation (2) 
is simplified, 
A(x) = Ref(t,r) DF/( 4JtpRv /) 
(3) 
where the time dependency is omitted. R is the distance from AE source to AE sensor and 
r = (rl' r2.' r3) is its direction cosine. t is the direction of AE sensor sensitivity, and Ref(t, r) 
is the retlection coefficient at AE sensor (the observation surface). DF is the crack area, p 
is the density, and v is P wave velocity. When an AE waveform due to crack nucleation is 
recorded, AE amplitude of the first motion corresponds to displacement A(x) in eq. 3. 
After AE source location procedure, information on distance R and direction cosine r is 
obtained. Eventually Equation (3) leads to a set of linear algebraic equations with six 
unknowns m ,because the moment tensor is symmetric and consists of six independent 
components. pqThus, the amplitude observation of the first motions at more than six sensors 
could result in an over-determined system with unknowns mpq. 
In usual AE measurement, the absolute amplitudes are not readily obtained, because 
calibrated sensors are not easily available. Therefore, the use of relative amplitudes are 
very practical. In the SiGMA inversion of Equation (3), the use of relative amplitudes 
leads to relative ratios of moment tensor components. In order to identify crack kinemat-
ics, the relative ratios of the tensor components are good enough for the analysis. To 
measure relative amplitude, the minimum requirement for measuring equipments is the 
equal sensitivity of each monitoring channel. This is an attainable condition in the AE 
measurement, because the conventional standards for commercial AE devices demand the 
sensitivity variation within 3 dB and even the amplitude compensation is possible prior to 
the SiGMA analysis. 
To identify crack kinematics from relative moment tensor components, further treat-
ment is required. In an isotropically elastic material, solving the characteristic equations of 
Equation (1), three eigenvalues are obtained, 
the maximum eigenvalue : ""b(lkn/(l - 2v) + 1), 
the intermediate eigenvalue: 2""b lkn/(l - 2v), 
the minimum eigenvalue : ""b(lkn/(l - 2v) - 1). 
(4) 
Here"" is shear modulus and v is Poisson's ratio. lk is the direction unit vector of crack 
vector bk. 
From the three eigenvalues in Equation (4), one decomposition of the eigenvalues is 
developed to classify the AE source into a tensile crack and a shear crack. The moment 
tensor contains particular components, depending on the crack types. The discrepancy, 
however, is not easily realized in usual cases, because pure motion of either a tensile crack 
or a shear crack is rarely nucleated on the crack surface. In Figure 1, eigenvalues of a pure 
shear crack and a pure tensile crack are given. In the pure shear crack, the moment tensor 
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Figure 1. Eigenvalues of the moment tensor and its decomposition. 
contains only two off-diagonal elements. Setting the maximum eigenvalue X, the princi-
pal components become X,D, and -X as shown in the figure. In the pure tensile crack, the 
coordinates axes are identical to three principal directions. Three eigenvalues are decom-
posed into deviatoric components (compensated linear vector dipole; CLVD) and hydrostat-
ic mean components, of which the maximum values are indicated as Y and Z, respectively. 
Assuming an AE source as a crack of mixed mode, the tensor components are consid-
ered as the sum of tensile and shear components. Thus, three eigenvalues in Equation (4) 
are decomposed into X, Y, and Z ratios as shown in Figure 1, 
1.0 = X + Y + Z, (out-of-plane direction in the figure) 
The intermediate eigenvalue/the maximum eigenvalue 
= 0 + 0.5Y + Z, (vertical direction in the figure) (5) 
The minimum eigenvalue/the maximum eigenvalue 
= - X - 0.5Y + Z. (horizontal direction in the figure) 
The pure shear crack corresponds to the case X = 1 (100 %) and Y = Z = 0 %, while the 
pure tensile crack is identical to the case X = 0 %. In a general case, the ratio X shows 
contribution of shear motion. After solving the decomposition of Equation (5), the ratios 
of X, Y, and Z are readily determined. Based on numerical analysis and error estimation, 
AE source of X ratio larger than 60 % is classified into a shear crack. In the converse case 
(X < 40 % and Y + Z > 60 %), the dominant motion at the AE source is referred to as a 
tensile crack. 
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Figure 2. AE waveform record. 
In the eigenvalue analysis, three eigenvectors are determined from the characteristic 
equation along with eigenvalues of Equation (4). These are obtained, as follows; 
the eigenvector for the maximum value 
the eigenvector for the intermediate value (6) 
and the eigenvector for the minimum value : lk - nk, 
where x means the vector product. The eigenvector for the maximum eigenvalue directs 
motion of crack opening in the tensile crack [2]. More generally, the direction of crack 
motion is derived from the sum of the first and the third eigenvectors, and the subtraction of 
them, respectively. Thus, either vector lk or nk is recovered from either the sum or the 
subtraction. 
ANALYTICAL PROCEDURE 
Digital records of AE waveforms are analyzed by the SiGMA procedure, where more 
than six waveforms for each AE source are necessary. After experiments, each waveform 
for one AE event is displayed on the CRT screen as shown in Figure 2. Two parameters of 
the arrival time (PI) and the amplitude of the first motion (P2) are read on the screen. The 
location of AE source is computed from the arrival time differences (PI). Then, moment 
tensor components are determined from Equation (3), based on the amplitudes of the first 
motions (P2). Finally, the eigenvalue analysis is performed, and the classification of crack 
types and the determination of crack orientations are made. Prior to the analysis, only one 
necessary data is P wave velocity as a material property. 
In the case of two-dimensional problems, AE waveforms should be recorded as in-
plane waves, by setting AE sensors not in the out-of-plane directions but in the in-plane 
directions. Assuming the out-of-plane direction as X3 axis, Equation (5) contains only the 
in-plane elements: mIl' m12, and m22. In the plane-stress state, m33 is obtained [4], 
(7) 
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Thus, the eigenvalue analysis and the decomposition are available for the two-dimensional 
measurement in a similar manner. Note that only four channel system is required for this 
case. 
PRACTICAL APPLICATION TO CONCRETE MEMBERS 
The SiGMA procedure was successfully applied to hydraulic fracturing tests [2] and 
pull-out tests of anchor bolt from concrete block [5]. AE sources were located as close as 
the final failure surfaces. In the hydraulic fracturing process, located cracks were in good 
agreement with those of pre-existing faults [2]. Crack opening directed vertical to the 
joint plane predicted from AE cluster, and shear motion was parallel to it. Therefore, crack 
kinematics determined from the SiGMA analysis were in remarkable agreement with actual 
cracking mechanisms due to hydrofracturing. In the pull-out tests, the opening directions 
of the tensile cracks were radial from the anchor bolt in the plan view, and were vertical to 
the final failure surface in the elevation view. The shear cracks followed the tensile cracks, 
generating slip motion on the crack surface nucleated. 
To confirm the applicability of the procedure, a uniaxial compression test of 2-D con-
crete plates was conducted. Concrete plates of dimension 10 cm x 10 cm x 1.5 cm with a 
through-thickness slit of 2 cm were prepared. Because of the 2-D problem, a four-chan-
nel system was employed and Equation (7) was applied. A typical result is shown in 
Figure 3. At the first stage, shear cracks are dominantly observed near the slit. Directions 
of shear motion is parallel to the slit plane. In the second stage, tensile cracks are observed 
at the slit tip. Directions of crack opening is vertical to the final failure surface denoted by 
dotted lines. Although the location accuracy is marginal because the specimen size is rather 
small, crack kinematics identified by the SiGMA procedure are in remarkable agreement 
with those of the final crack surface observed. 
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Figure 3. Results of crack identification in a uniaxial compression test 
of a concrete plate with a slit. 
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Table 1. Comparison between results of SiGMA analysis and those of post-analysis 
SiGMA analysis post-analysis 
crack 
No. shear if; e c=cos-' Sh"ear ¢ e c=cos-' type 
ratio (l'n) ratio (l'n) 
31 27.4 80.0 10.4 - 13.2 78.8 11. 0 -
63 5.1 80.0 16.2 - 10.3 91. 4 16.8 -
73 46.2 80.0 12.3 70.0 41. 4 82.9 12.6 69.7 comb. 
96 66.3 80.0 32.4 80.0 67. 5 81. 7 32.4 82.0 shear 
101 49.6 80.0 81. 2 71. 0 52.8 83. 6 84.6 77. 5 comb. 
118 100.0 80.0 59. 6 90.0 95. 6 79.2 59.2 87.5 shear 
126 26.9 80.0 26.0 56.0 21. 3 53.5 25. 3 54. 3 tens. 
130 4.5 80.0 43.8 28.0 6.0 75.9 41. 2 31.3 tens. 
139 100.0 80.0 61. 7 90.0 100.0 75.1 65.5 99. 6 shear 
142 100.0 80.0 85.3 - 90.7 74.1 88.9 -
167 31. 8 80.0 63.4 - 6. 2 77.5 65.3 -
184 76.8 80.0 18.2 83.0 79.1 81. 9 18.5 86.5 shear 
199 43.5 80.0 53.0 - 4.3 71. 9 54.0 -
202 77.3 80.0 25.5 83.0 68.7 77.8 25.0 79.2 shear 
237 56.4 80.0 16.7 - 100.0 79.9 14.3 -
239 34.7 80.0 23. 7 63.0 29. 9 78.9 22. 7 61.6 tens. 
320 84.1 80.0 11.6 - 93.3 68. 3 4.0 -
418 3.8 80.0 9.7 - 4. 1 90.9 12.8 -
Crack kinematics determined in the previous study [6] were further investigated by a 
post-analysis. AE waveforms were synthesized at sensor locations, by utilizing a simula-
tion program developed [2]. In the analysis, moment tensor components are determined 
from crack configuration identified by the SiGMA analysis. These theoretical waveforms 
are re-analyzed by the SiGMA procedure. Results are given in Table 1. Out of 18 events, 
8 events are screened out because the shear ratios are varied more than 10% and angles are 
changed more than 10° between the original SiGMA solutions and those of the post-analy-
sis. Here, angle (jl is set 80° in the analysis because these results were not available and 
found to be reasonably assumed from the experiments. After screening out poor solutions 
by the post-analysis, it is confirmed that only reliable data could be recovered from the 
comparison. 
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Figure 4. Results of crack identification in a cyclic bending test 
of a reinforced concrete beam. 
The procedure is also applied to AE waveform data obtained in a bending test of rein 
forced concrete beam. In the experiment, loading stages are classified from Stage I 
through Stage V. During these stages, 184 waveform sets of AE events are recorded by 
six sensors. After the SiGMA analysis, 100 sets were found to be solvable, and analyzed. 
To confirm the accuracy of the results, a simulation analysis is performed. Based on the 
crack kinematics obtained from the SiGMA analysis, synthetic waveforms at the sensor 
locations were computed. P wave velocity was 4000 mls and Poisson's ratio was 0.17 for 
reinforced concrete. The SiGMA procedure was applied again to the synthetic waveform 
sets as the post-analysis. The shear ratios obtained in the experiments are different from 
those of the post-analysis in several AE events. Therefore, the events of whieh the shear 
ratio are more than 10 % different from the results of the post-analysis are screened out of 
the data. 
Final results are shown in Figure 4. At the stage I loading from 0 to 49 kN, it is found 
that tensile cracks of X < 40 % in the experiment are reliable in the post-analysis, while the 
AE sources X > 40 % are less reliable. This implies that tensile cracks are dominant at 
this stage. In the figure, crack orientations are indicated by two vectors of the sum and the 
subtraction of eigenvectors. Tensile cracks are already generated over the reinforcement. 
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At the stages III (0 to 78.4 kN), it is found from the post-analysis that dominant and reli-
able events are shear cracks, and tensile cracks are only found around the reinforcement. It 
implies that tensile cracks are generated at the bond between the reinforcement and con-
crete. Similar trend is also observed in the Stage IV. Intense AE cluster of shear cracks is 
observed in the central region of the beam. This is in good agreement with failure process 
of the reinforced concrete beam under bending. 
CONCLUSION 
Theoretical developments on the moment tensor analysis of AE wave motions are 
summarized. Thus, quantitative treatment of AE waveforms based on the SiGMA proce-
dure is given. To classify AE sources into tensile cracks and shear cracks, the decomposi-
tion of the eigenvalues of the moment tensor is utilized, and crack orientations are deter-
mined from eigenvectors. The proposed procedure is applied to AE data of pull-out tests, 
hydrofracturing tests, uniaxial compression tests of concrete plates with a slit, a tensile test 
of the frame model, and bending tests of reinforced concrete. Results confirm that the 
SiGMA procedure with the post-analysis could give quantitative kinematic information on 
crack nucleation. 
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